Universal service has been adopted by many countries to bridge the digital divide between Information and communication technologies (ICTs) "haves" and "have-nots". The key goal of universal service is to provide telecommunications services to "needy persons" at "reasonable" rate. It is, therefore, critical for policymakers to make decisions on what is a "reasonable" price or subsidy for "needy persons" so that the targeted users do utilize ICTs and benefit from them. This paper analyzes universal service subsidies in providing subsidized Internet access from a pricing point of view through a hypothetical scenario where the subsidized users being subsidized through a price subsidy and non-subsidized users share the same network operated by a service provider. We propose a service differentiation system based on priority queuing to accommodate both groups of users, and model such a system as a Stackelberg game from both a revenue-maximizing service provider perspective and a social welfare maximizing planner's perspective. We then analyze the optimal prices that maximize the service provider's revenue and social welfare respectively, investigate how the revenue maximizing price and social welfare maximizing price are effected by users' willingness to pay and the subsidy ratio, and evaluate the revenue maximizing solution on welfare grounds using the social-maximizing solution as a benchmark. Interestingly, the optimal revenue maximizing solution corresponds to the socially optimal solution in terms of social welfare under the optimum subsidy ratio that maximizes the social welfare. This suggests that the subsidy ratio can be used as a tool to induce the revenue maximizing service provider to set a price that leads to social optimality.
Introduction
Information and communication technologies (ICTs) represent the best way to foster productivity and create opportunities for sustainable economic growth and employment. It is widely accepted that promoting access to ICTs will enable citizens to participate in economic, political, and social activities, and universal access to ICTs is the primary policy tool to promoting economic development and improve social welfare. In this context, access to the Internet has become a vital development tool. In South Africa, given income inequality and the existence of rural areas where access is difficult, there still exists a large digital divide in Internet access. Just over half of South Africa's households (53.5%) had at least one member who has access to the Internet in 2015 [1] . In addition, although the South African broadband market is growing, there remain distinct gaps with regard to accessiblity to ICTs. According to [2] , as of the first quarter of 2015 there are a little over 5 million fixed-broadband and mobile broadband subscribers, which make up 9% of the population penetration.
Universal service and access have been adopted by many countries in the world including South Africa to provide convenient and affordable access to telecommunication services to bridge the digital divide between ICT "haves" and "have-nots", where ICT "haves" refer to those who can access ICTs while ICT "have-nots" are socially disadvantaged individuals who have less opportunity to access and use ICTs [3] . The primary goal of universal service is to provide telecommunication services to "needy persons" from underserved areas at "reasonable" or "affordable" rates given the cost of services and the income inequality of customers. Providing subsidized Internet access has been seen an important and necessary step to ensure that all segments of society, especially the underserved urban poor and rural communities, can access telecommunications services and narrow the digital divide [4] . It is, therefore, critical for policymakers and regulators to make decisions on what is in fact a "reasonable" price for "needy persons" in providing subsidized Internet access. In [5, 6] , the authors argue that it is crucial to incorporate how much consumers value the service being subsidized, in other words, how much consumers benefit from the service being subsidized, in creating a more efficient and effective universal service program. Studies have shown that demand for Internet is price-driven. Understanding the expected benefits to consumers would help policymakers make informed decisions about how much should be spent on subsidies, provide real benefits to "needy persons" rather than enrich particular firms, and limit total spending.
In addition, a subsidized Internet service cannot be viable and sustainable economically in the long term if demand is not able to generate sufficient revenue for universal service providers. Although the key goal of universal service is to provide telecommunications services at reasonable rates to "needy person", a universal service provider could not only offer services to "needy persons" especially in urban areas, where poor people still cannot afford Internet access even though the network infrastructures for Internet have been built. In this case, universal service subsidies could be used directly on "needy persons", which are also called subsidized users in the rest of the paper, rather than unnecessary network build. Theoretically, in this case, the subsidy could be used to subsidize portions of the service charges for the subsidized users.
However, this raises a question: how to price, in the presence of subsidized users and non-subsidized users sharing the same network resource, so that the universal service provider can economically and efficiently provide the necessary service to the subsidized users while guaranteeing certain quality of service (QoS) for the non-subsidized users? The price set by the universal service provider for the subsidized users could probably be so high that the subsidized users would still be deterred from ICT usage even with certain price subsidies. On the other hand, lower subsidized prices for the subsidized users could lead to overutilization of the services, which would in turn result in free-riding problem or congestion problem disturbing the non-subsidized users who share the same network with the subsidized users. If the QoS perceived by the non-subsidized users degrades to an unacceptable level, which they think is not worth paying what they are charged, due to the presence of subsidized users, the non-subsidized users would stop using the service or probably even choose to join the subsidized users by illegally connecting to a subsidized user's Internet connection, which we call free-riding. This type of free-riding will definitely negatively affect the efficiency of universal service subsidies. Therefore, it is important for the revenue-maximizing universal service provider to find a balance between subsidized users and non-subsidized users through proper incentive-compatible pricing strategies that take into account how both types of users value the service or users' willingness-to-pay.
The objective of this paper is to study the pricing problem in providing subsidized Internet access through a hypothetical scenario where the universal service subsidies are used to fund "needy persons" directly through a price subsidy, namely the services is provided to the subsidized users at a subsidized price, which is a percentage of the standard price. Although this hypothetical scenario is not actually used in current universal service subsidy mechanisms, it simplifies analysis and reflects the objective of universal service subsidies. The subsidized users and non-subsidized users should be handled differently. A possible solution is to give higher priority to the non-subsidized users, who pay more, while providing the subsidized users basic data services that can tolerate packet delivery delay and do not require a high guaranteed QoS, e.g., email, web browsing, file transfer, and so on. Without an appropriate pricing scheme, any prioritization is useless [7] . In our case, the price subsidy for the subsidized users can be seen as a means to price discriminate between the two types of users. Hence, the pricing problem here can be viewed as a differential pricing problem based on differentiated services. Differential pricing is generally required for an optimal allocation of resources in real life situations [8] . Economically, price discrimination is usually regarded as socially and economically desirable, since it often increases the efficiency of the economy [9] . A simple but well-studied scheme of differentiated pricing for communication networks is so-called Paris Metro Pricing (PMP) [10] [11] [12] , which imposes differentiated prices at different service classes without fulfilling specific QoS requirements and let users spontaneously opt for the appropriate service classes according to their experienced performance. In our case, subsidized users, who pay less, should join the low-priority and reduced facility class, whereas non-subsidized users are encouraged to join the high-priority and value-added class.
From a game-theoretical perspective, such a service differentiation system can be viewed as a non-cooperative game where there are three players-the universal service provider, the non-subsidized users and the subsidized users, who have different utility functions and incentives to optimize their own payoffs, and each player must take other players' actions into account. Precisely speaking, this non-cooperative game can be modeled as a Stackelberg game where the universal service provider, who has complete knowledge about users' reaction to its price, as the leader of the game sets up prices so as to maximize its revenue, while the non-subsidized users and subsidized users as the followers will choose their optimal reactions to the price and QoS offered by the universal service provider by adjusting their usage of the service. In game-theoretical terms, the equilibrium price, with which no player has any incentive to unilaterally deviate from his current strategy, is the revenue-maximizing and incentive-compatible price in this game.
Nonetheless, a revenue-maximizing price derived from such a non-cooperative game model might not be a social optimal solution, where the sum of surpluses of all players-the government who pays the subsidy, the universal service provider, the non-subsidized users and the subsidized users-is maximized. The sum of surpluses of all players is called social welfare or economic efficiency. In game theory, usually non-cooperation leads to a loss of economic efficiency because players, who have self-interests or even conflicting interests, will act to achieve their own selfish objectives, which comes at the expense of social welfare. In our case, the government wants to subsidize as many "needy persons" as possible given a certain amount of funds while the universal service provider's objective is to maximize its revenue. On the other hand, as mentioned above, too many subsidized users utilizing the same network could result in QoS degradation to the non-subsidized users. Theoretically, social welfare can be maximized by an appropriate pricing scheme that takes into account surpluses of all players.
The rest of the paper is organized as follows: In Section 2, a simple analysis of a system without service differentiation is given to show how the tragedy of the commons could occur in such a system. In Section 3, a mathematical framework based on priority queuing theory is presented to model the service differentiation system. With the subsidized users and non-subsidized users sharing a First-In-First-Out (FIFO) queue, In Sections 4 and 5, we focus on the price selection problem from a revenue-maximizing perspective and social welfare maximizing perspective, respectively, to analyze how the revenue maximizing price and social welfare maximizing price are effected by users' willingness to pay and the subsidy ratio, and evaluate the efficiency of the revenue-optimal pricing model using the socially-optimal pricing model as a benchmark. Finally, we conclude our investigation in Section 6.
The Tragedy of the Commons
In this section, we give a simple analysis of a system without service differentiation as presented in [7] to show how the tragedy of the commons could occur in such a system. The tragedy of the commons is a term describing what could happen if individuals in a group sharing a limited resource act in their own best self-interests and ignore what is best for the whole group.
Consider a system with two types of users: non-subsidized users (type 1) and subsidized users (type 2), who generate information packets according to a Poisson process with rates λ 1 and λ 2 respectively, and the service times of the individual packets are exponentially distributed with mean µ −1 .
In an M/M/1 queue, with N independent users generating information packets according to a Poisson process with rate λ and the mean service time per packet being µ −1 , the mean packet delay is
Assume the price per packet transmission is p. To facilitate analysis, the price p includes costs incurred in providing the service and thus we do not need to consider costs when formulating the service provider's revenue in the latter section. In addition, since a subsidized user actually only pay part of the price, we simply denote the price that a subsidized user pays by βp, where 0 < β ≤ 1, to simplify mathematical analysis. Here 1 − β is called subsidy ratio.
Utility theory, in which the level of customer satisfaction received from a service or how a customer values a service can be represented by utility-based functions, has been widely used in resource management in economics. In recent years, the utility function-based optimization approach has been adapted to study issues, e.g., rate control, resource allocation, pricing and so on, for communications networks in the literature [7, [13] [14] [15] [16] [17] [18] [19] [20] .
A user uses the service as long as his utility minus price, which is called compensated utility, is positive [21] . As defined in [7] , the compensated utilities for the non-subsidized user and subsidized user are, respectively,
where U 1 (ED) and U 2 (ED) are the utilities of the non-subsidized user and subsidized user respectively, 0 < β ≤ 1 and α 1 > α 2 > 0, meaning the subsidized users are more tolerant to packet delivery delay compared to the non-subsidized users. Consider a hypothetical case where there are only subsidized users in the queue system. A subsidized user enters the queue as long as U 2 (ED) > 0, which gives the maximum number of subsidized users
Suppose N 2 max subsidized users are present in the queue, then the expected compensated utility of a non-subsidized user who is deciding whether to use the service or not is
α 1 −α 2 , the expected compensated utility U 1 is non-positive, meaning there is no incentive for a non-subsidized user to enter the queue when N 2 max subsidized users are present in the queue. Only if p > β − α 1 α 1 −α 2 , a non-subsidized user will choose to join in when N 2 max subsidized users are present in the queue.
Conversely, for a hypothetical case where there are only non-subsidized users in the queue system, a non-subsidized user enters the queue as long as U 1 (ED) > 0, which gives the maximum number of non-subsidized users
Suppose N 1 max non-subsidized users are present in the system, then the expected compensated utility of a subsidized user who is deciding whether to use the service or not is
α 1 −α 2 , the expected compensated utility U 2 is non-positive, meaning there is no incentive for a subsidized user to enter the queue when N 1 max non-subsidized users are present. Only if p < β − α 1 α 1 −α 2 , a subsidized user will choose to join in when N 1 max non-subsidized users are present.
Therefore, it can be concluded that, with non-subsidized users and subsidized users sharing the same queue, if prices are too low subsidized users dominate over non-subsidized users, while non-subsidized users dominate when prices are too high. In other words, when the price is low, in our case if p ≤ β − α 1 α 1 −α 2 , non-subsidized users who require low service delay could be excluded due to the unacceptably high congestion caused by subsidized users who are less insensitive to delay. This phenomenon is referred to as the tragedy of the commons. On the other hand, if the price is high, in our case if p ≥ β − α 1 α 1 −α 2 , subsidized users could be excluded, which makes the subsidy essentially worthless to the proposed recipients.
Service Differentiation in a Priority Queuing System
To satisfy the demands from both groups, a priority queuing system is introduced. In such a priority queuing system, the non-subsidized users are directed to the high priority queue and the subsidized users to the low priority queue. In standard queuing theory, there are two priority rules: preemptive-resume priority and non-preemptive priority. In this paper, we adopt the former one, where the high-priority users (non-subsidized users) get absolute service priority over the low-priority users (subsidized users). Precisely speaking, when a subsidized user is in service and a non-subsidized user arrives, the subsidized user's service is interrupted and the server proceeds with the non-subsidized user. Once there are no more non-subsidized users in the system, the server resumes the service of the subsidized user at the point where it was interrupted. However, given a capacity constraint, without effective and incentive-compatible price discrimination schemes, such a service differentiation system could end up in a situation where the QoS of the high-priority class for the non-subsidized users could be so poor that the non-subsidized users could prefer the low-priority rather than the high-priority if they could choose.
In general, incentive-compatible pricing must consider customer's utility. Obviously, in the priority queuing system presented above, packet delay is a key component in service differentiation and users' satisfaction. Thus, price discrimination in such a system should be based on packet delay as well. According to standard queuing theory, the mean packet delays for both types are given by
where N 1 and N 2 are the number of non-subsidized users and subsidized users in the system.
Denote the gross utilities that a non-subsidized user and a subsidized user derive from transmitting per packet by U 1 and U 2 respectively. Then, the corresponding compensated utilities, U 1 and U 2 , are given by
As mentioned above, a user will use the service if and only if the corresponding compensated utility is positive. Thus, the effective number of non-subsidized users and subsidized users are given by
where N 1 is the number of potential non-subsidized users and f 1 (u) is the probability density function of U 1 ; and
where N 2 is the number of potential subsidized users and f 2 (u) is the probability density function of U 2 , respectively.
For the sake of mathematical simplicity, U 1 and U 2 are assumed to be uniformly distributed over intervals [0, b 1 (ED 1 )] and [0, b 2 (ED 2 )] respectively, where b 1 (ED 1 ) and b 2 (ED 2 ) are continuously differentiable, non-increasing functions with respect to the mean packet delay. The smaller the packet delay is, the greater the user's satisfaction. This is a common assumption in the literature [18] [19] [20] to model the proportionally fair resource allocation in communication networks. We further assume that b 1 (ED 1 ) = α 1 log(1/ED 1 ) and b 1 (ED 2 ) = α 2 log(1/ED 2 ), where α 1 and α 2 are constants representing how the non-subsidized users and subsidized users value packet delivery delay in monetary terms. The assumption means that, Equations (1) and (2) can be simplified to
and
In the next section, we will discuss the price selection problem from a revenue-maximizing perspective.
Revenue Maximization
The total expected revenue Π tot generated from both non-subsidized users and subsidized users per unit time is given by
With the user's utilities in Equations (3) and (4), the service provider's revenue maximization problem can be written as
where
.
In order to find the optimal solution to this maximization problem, Lagrange multipliers method is applied. The Lagrange function is defined by the following system of equations:
where ξ 1 and ξ 2 are Lagrange multipliers, and the gradient vectors are:
Therefore, the optimal solution can be found by solving the following five equations in the five unknowns N 1 , N 2 , p, ξ 1 , ξ 2 :
Since Equation (9) are difficult to solve analytically, a numerical example is given to analyze the optimal price differentiation between the subsidized users and non-subsidized users in this game. We will also investigate how the subsidy ratio affects the revenue-maximizing price, corresponding expected revenue and social welfare.
We first assume that the mean service time per packet, µ, is 2000 −1 s. The number of potential non-subsidized users, N 1 , and subsidized users, N 2 , are 100 and 60 respectively. The rates that each non-subsidized user and subsidized user generate information packets, λ 1 and λ 2 , are 20 packets/s and 10 packets/s respectively. With these assumptions, we focus our attention on a scenario where the occupation rate,
µ , due to both types of users, could exceed the full capacity of the queue system, 1, if there are not proper admission control mechanisms. Figure 1 shows the optimal price that maximizes the service provider's revenue as a function of subsidy ratio, 1 − β, with α 1 = 2 and α 2 = 1, meaning the non-subsidized users are more sensitive to packet delay compared to the subsidized users. It can be seen that the optimal price drops with an decrease in the subsidy ratio. Figure 2 plots the effective number of non-subsidized and subsidized users respectively as functions of subsidy ratio, 1 − β. As can be observed, when the subsidy ratio increases, the effective number of subsidized users decreases while the effective number of non-subsidized users increases. It is intuitive because fewer subsidized users would choose to use the service when the subsidy ratio drops, which means they have to pay more themselves, while more non-subsidized users would choose to join due to the decrease in the optimal price. Figure 3 further plots the occupation rates of both non-subsidized (
µ ) users as well as the total occupation rate (
µ ) as functions of subsidy ratio, 1 − β. It illustrates that the total occupation rate remains at a fairly constant level and close to 1, which implies an optimal incentive-compatible pricing model, which takes into account users sensitivity to QoS and price, could avoid congestion by using price as a measure to induce users to utilize the limited resource in a desirable way, and result in effective resource utilization. The corresponding total expected revenue is plotted in Figure 4 . It demonstrates that the total expected revenue increases with an increase in subsidy ratio, 1 − β. This is because the optimal price increases as the subsidy ratio rises while the total occupation rate (
µ ) remains almost constant as observed in Figure 3 .
Obviously, from the service provider's perspective, a higher subsidy ratio would bring in more revenue. Nevertheless, from the policymakers' perspective, the primary factor that must be considered in determining the provision of universal service is social welfare. Here we then study the optimal solutions to such a non-cooperative Stackelberg game, which is referred to as Stackelberg Equilibrium, on welfare grounds, and investigate how the social welfare is affected by the subsidy under this delay-based revenue-maximizing pricing model.
Defining social welfare as the sum of the utilities of all players in the game, including both types of users, the service provider and the government who provides the Internet service subsidy, the social welfare of the Stackelberg Equilibrium is given by
. Note that variants with asterisks in Equation (10) are the optimal values of the Stackelberg Equilibrium. In Figure 5 , the social welfare of Stackelberg Equilibrium is plotted against the subsidy ratio, 1 − β. As can be observed, social welfare is a concave function of subsidy ratio and when the subsidy ratio is set as 0.4, the social welfare of the Stackelberg game in this example is maximized. Comparing Figure 5 with Figure 4 , it can be seen that, with higher subsidy ratios, the service provider could generate more revenue but at the cost of social efficiency.
As discussed previously, how the subsidized users value the subsidized service in terms of price and QoS is an important factor in the provision of universal service. It certainly affects the optimal price and optimal subsidy ratio. Since our attention is focused on subsidy and subsidized users, α 1 representing how the non-subsidized users value the service based on delay is fixed in the following simulations. Figure 6 illustrates the optimal price that maximizes the service provider's revenue with α 1 = 2 for different α 2 , which indicates how the subsidized users value the service based on delay. A greater α 2 means the subsidized users are more sensitive to packet delay. As can be seen, for a given subsidy ratio, the optimal price is higher when the subsidized users are more delay-sensitive. This is reasonable since a higher price leads to less non-subsidized users joining the system, as shown in Figure 7 , which results in a higher QoS for the low-priority class for the subsidized users. Consequently, the higher QoS of the low-priority class would attract more subsidized users as depicted in Figure 8 . Figure 9 shows that, for a given subsidy ratio, more delay-sensitive subsidized users could bring in more revenue for the service provider. In other words, although the service provider would loss some non-subsidized users due to a higher price, more subsidized users could be attracted by the higher QoS of their low-priority class. Figure 10 further compares the social welfare of Stackelberg Equilibrium for different α 2 . As can be seen, the social welfare maximizing subsidy ratio drops if the subsidized users are more delay-sensitive. It implies that, setting subsidy ratio without taking into consideration how the subsidized users value the subsidized service in terms of price and QoS would result in a loss in social efficiency.
According to game theory, non-cooperation does not in general lead to a socially efficient situation, in which the social optimum welfare is obtained from a scenario where there is a central authority.
In the next section, we will discuss the price selection problem from a social welfare maximizing perspective as a benchmark to evaluate the efficiency of the delay-based revenue maximization pricing model presented in this section. 
Social Welfare Maximization
Theoretically, each player in a non-cooperative game pursues his own self-interest and acts to achieve his own selfish objective. The divergence of players' interests leads to a loss in social welfare. Thus, the optimal solution of the non-cooperative Stackelberg game presented in the previous section might not be a socially optimal solution. Ideally, the social welfare can be maximized if there is a central authority who is able to set the service price and the subsidy ratio by taking into account the utilities of all players in the system, including both types of users, the service provider and the government who provides the Internet service subsidy. We refer to such an ideal situation as Social Optimal Situation. As defined in Section 4, social welfare is given by:
To achieve the social optimum welfare, the central authority, who takes an overall view of social welfare, needs to solve the following optimization problem:
We apply the Lagrange multipliers method presented in Section 4 to solve this optimization problem. Similarly, the optimal solution can be found by solving the following five equations in the five unknowns N 1 , N 2 , p, ξ 1 , ξ 2 :
where ξ 1 and ξ 2 are Lagrange multipliers and the gradient vectors are:
Approximately optimal solutions to the delay-based social welfare maximization problem in Equation (13) with the same assumptions used in the example given in the previous section are calculated. Figure 11 compares the social welfare of Stackelberg Equilibrium to the benchmark obtained from the Social Optimal Situation. As can be observed, the social welfare of Social Optimal Situation is also a concave function of the subsidy ratio, 1 − β, and it shares the same optimal subsidy ratio of 0.4 with the social welfare of Stackelberg Equilibrium. In addition, there is a bigger difference in the social welfare between revenue maximization and social welfare maximization when the subsidy ratio is relative lower or higher. This suggests that, without properly setting the subsidy ratio, in such a shared resource allocation system with a service and price differentiation scheme that takes into consideration the willingness-to-pay of both types of users, the selfish interests in the Stackelberg game lead to social welfare losses. Figure 12 compares the optimal price between revenue maximization and social welfare maximization with α 1 = 2 and α 2 = 1.
It shows that, for higher subsidy ratios, the optimal social welfare maximizing price is lower than the optimal revenue-maximizing price. Consequently, more non-subsidized users utilize the service as shown in Figure 13 , which results in a worse QoS for the lower priority class. However, the corresponding number of subsidized users is almost unchanged from that obtained from Stackelberg Equilibrium as shown in Figure 14 . Meanwhile, the service provider's revenue decreases as shown in Figure 15 while the subsidy cost decreases due to the lower social welfare maximizing price as shown in Figure 16 . It implies that, for higher subsidy ratios, with the social welfare maximizing prices, despite higher total social welfare and lower subsidy costs, non-subsidized users instead of subsidized users benefit in terms of the number of users being served. On the other hand, for lower subsidy ratios, the optimal social welfare maximizing price is higher compared to the optimal revenue-maximizing price as shown in Figure 12 . Consequently, the corresponding number of non-subsidized users reduces as shown in Figure 13 , which results in a better QoS for the lower priority class. This is why, with the optimal social welfare maximizing price, the number of subsidized users rises slightly as shown in Figure 14 . Moreover, the social welfare maximizing prices generate more revenue for the service provider as shown in Figure 15 while the subsidy required only increases slightly as shown in Figure 16 . It indicates that, as compared to the revenue maximization setting, for lower subsidy ratios, although the higher social welfare maximizing prices results in a lower number of non-subsidized users, more subsidized users will utilize the service and more revenue will be generated without requiring more subsidy. Furthermore, the results suggest that, in such a resource sharing system with service differentiation and pricing discrimination, under the optimal subsidy ratio of 0.4, the corresponding optimal solutions, i.e., the optimal price, the expected numbers of subsidized and non-subsidized users, the expected revenue and the expected subsidy cost, to the Stackelberg Equilibrium of revenue maximization setting corresponds to those obtained from the Social Optimal Situation. It implies that the subsidy ratio can be used as a tool to induce the revenue maximizing service provider to set a price that leads to social optimality.
Conclusions
In this paper, we consider a situation, in which the non-subsidized users and subsidized users being subsidized through a price subsidy share the same network, to investigate universal service subsidies from a pricing perspective. We first discuss a scenario in which the two groups of users share the network resource without any service differentiation and pricing discrimination. It is shown that, without proper pricing mechanisms, one group of users could dominate over the other. Therefore, we propose a service differentiation system, in which the non-subsidized users have higher priority than the subsidized users, based on priority queuing theory, with price subsidy for the subsidized users that can be viewed as a means to price discriminate between the two types of users. We then formulate such a system as an optimization problem via a Stackelberg game from a revenue maximizing service provider's perspective. By studying the optimal solution to this Stackelberg game through a numerical example, we demonstrate that, while the revenue maximizing price and the corresponding expected revenue increase with an increase in the subsidy ratio, the social welfare is a unimodal function of the subsidy ratio with a single maximum. This indicates that a higher subsidy ratio could lead to more revenue but at the cost of social efficiency. To evaluate the social efficiency of this revenue maximizing pricing model, a similar mathematical framework is used to study the price selection problem from a social welfare maximizing planner's perspective. Comparison between the socially optimal solution and the revenue maximizing solution suggests that, in such a resource sharing system, the optimal revenue maximizing solution, which takes into account how users value the subsidized service in terms of price and QoS, corresponds to the socially optimal solution under the optimum subsidy ratio that maximizes the social welfare. It implies that policymakers and regulators could induce a universal service provider to set a price that leads to social optimality while maximizing its revenue by choosing the optimal subsidy ratio rather than intervening in the service provider's pricing policy.
